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A mathematical model is represented for a turbulent diffuse methane flame in air with 
nitrogen oxide formation in the combustion products according to the Ya. B. Zel'dovich 
reaction mechanism taken into account. The model is tested on experimental data for 
diffusion and premixed flames. 

The requirement that occurs for checking the emission of contaminating substances results 
in the necessity to investigate processes of nitrogen oxide formation in outgoing gases of 
steam boilers of thermal electric stations. In this connection, the problem of describing the 
processes of development and burn-up of a turbulent diffusion flame that is formed during 
combustion of a methane jet in an air flow is urgent during combustion of the gas fuel in 
steam boiler furnaces. The process of gas fuel combustion in the majority of power plants 
with separate jet delivery of fuel and oxidizer in the furnace chamber can be described by 
using the model of a turbulent diffusion flame. Thus, for instance, the gas fuel in an oil- 
gas burner of TKZ-VTI type is delivered to the furnace by a system of direct-flow jets in 
the surrounding air coflow. A parabolic approximation of the Navier-Stokes equations is used 
to describe such flows, which is convenient for numerical realization by using an economical 
Marsh iteration-free method. 

It is established in the theory of diffusion combustion that the reaction zone thickness 
is, as a rule, substantially less than the characteristic dimensions of the problem [i]. 
This is associated with the fact that the chemical combustion reactions proceed at high 
speed only for high tempratures, while the reaction rate is diminished radically with distance 
from the flame front. Random flame front vibrations occur because of random fluctuations in 
primarily the reagent concentrations as well as the flux rates, and for a high vibration 
amplitude this results in a reduction in the mean completeness of the combustion. Therefore, 
to estimate the efficiency of the combustion process it is necessary to have information about 
the probability distributions of the fuel and oxidizer concentrations. 

The main role of the concentration (or temperature) distribution density in the theory of 
turbulent combustion is manifest in that the chemical reaction rates that depend nonlinearly 
on the temperature and concentration must be averaged during solution of the equations des- 
cribing the behavior of the reacting gas. The statistical characteristics of the flame front 
vibrations are here directly independent of the chemical reaction rates, however, an analogous 
assumption concerning substantially nonequilibrium processes, nitrogen oxide formation, say, 
is not valid. 

A single-stage irreversible fuel + oxidizer + product reaction is examined in this paper, 
which agrees with a real process in its total effects and does not take account of the in- 
essential intermediate stages. It is assumed here that the effective Prandtl and Schmidt num- 
bers are mutually equal at any point of the mixture volume. A certain conserving quantity, 
a passive scalar f for which the space-time distribution in the reacting flow does not differ 
from its distribution in a medium with invariant chemical composition, appears in the flow 
for such a selection of the combustion model. Then the problem reduces to describing the 
probability distribution density of the random variable 8 that is essential for the develop- 
ment and progress of the chemical reactions. Such a random variable can be either the passive 
scalar f or the fuel concentration mf or certain other flow parameters. 

The most constructive method of overcoming the difficulties associated with modelling 
chemical reactions in a turbulent medium is the a priori assignment of the probability dis- 
tribution density in the form of a dependence on a small number of parameters determined from 

Moscow Power Institute. Translated from Inzhenerno-Fizicheskii Zhurnal, Vol. 56, No. 6, 
pp. 885-894, June, 1989. Original article submitted December 8, 1987. 

0022-0841/89/5606-0603512.50 �9 1989 Plenum Publishing Corporation 603 



the solution of equations for low order moments. Consequently, in conformity with the Lock- 
wood and Naguib approach [2], the probability distribution density is selected in the form 
of a truncated normal distribution with alternation taken into account. The truncated 
distribution of the random variable ~ subject to a normal law and defined in the interval 
(-~, +~) has the following form 

IA~(~) for 6 : 0, 
p*([3) for 0 < 6 < 1 ,  

P([~) = /B6(6- -1)  for [~= l, 
0for 6~Ofor [~>1, 

where 

, )21 P* (6) = a ]/----~ exp 

0 

A = .[ p*(6) d6, B =  ,iP*(6) d6' S p*(6)'d~ 
- - 0 0  l - - ~  

=I, 

The distribution density function P(8) is constructed after the appropriate conservation 
equations for the first ~ and second o2moments of this distribution have been solved. The 
quantity f (or mf) is taken as the first moment in the problem and the averaged square of 
the concentration fluctuations g as the second. Knowing the function P(~) the value, 
averaged over time, of any variable r that is a function of the random variable 8 can be 

1 

found from the formula 9= [ ~)P (~)d 6 �9 Afterwards, the average square of the fluctuating 

1 

component of this variable ~'---~ S[~ (6)-- ~]zp (6) d~ is easily determined. 

0 

The main source for nitrogen oxide formation in the combustion of gas fuel is atmospheric 
nitrogen. The mechanism of thermal NO x formation is investigated in detail, it is the 
Zel'dovich reaction scheme [3]: 

~i Kz 

O+N 2 ~NO+N, N+O~ ~---NO+O. 
K--1 K-, 

Using the assumption about the quasistationary concentration of the atoms N, an expres- 
sion can be written for the rate of NO formation: 

WNO = drNO 2KiI<2r~ rN' rO ( 
d--~ = K-lrNo H- K'~ro, 1 

On the basis of experimental observations, Ya. B. 

K-~K_~ r~o ~. (1) 
KIK~ rN, ro,  ] 

Zel'dovich concluded that the rate 
of NO generation is much less than the combustion velocity and that the main part of NO is 
formed after completion of the combustion. Therefore, the rate of nitrogen oxide formation 
can be determined under the assumption of equilibrium of the combustion reactions. Conse- 
quently, when computing complex multidimensional flows we neglect the interrelation between 
NO generation and the combustion process and we compute the rate of nitrogen oxide formation 
from atmospheric nitrogen by the Zel'dovich chain reaction mechanism by using equilibrium 
concentrations of the chemical components being formed during combustion. We obtain the 
necessary equilibrium concentrations of the components from auxiliary equilibrium computations 
by constructing interpolation polynomials dependent on the combustion temperature and the 
coefficient of excess oxidizer. 

To analyze a quasistationary jet turbulent axisymmetric flow with combustion it is neces- 
sary to integrate numerically a system of equations, averaged over time, for the continuity, 
motion, energy, and concentration that is supplemented by appropriate equations of the turbu- 
lence model. The nonequilibrium dynaics ofturbulence development isdescribed within the 
framework of the semiempirical two-parameter Rodi-Spalding kel model [4]. In writing the 
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equations we neglect terms with density fluctuations since taking such terms into account 
radically increases the computation time. Within the framework of the gradient hypotheses 
for estimation of turbulent flows, the system of averaged equations has the form 

a I a 
(pu) 4 -- (rpv) = O; 

Ox r Or 
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The system (2)-(10) is supplemented by standard relationships of the turbulence model 

k 2 
Fef = Ft + C~p - - ,  C. = 0,09-- 0,04b, 

g 

Ay ( Otto.c Otto c 
. ~ ' 

( of )2 ( Om, )2 
G--V, j  ~ or G = ~ j \  Or ) ' 

( n )  

C81=1,43; C~2=1,92--0,0667b; Cg1=2,8; Cg2=2,0;~h=~j=ag=O,9;ak=l,O;~=l,3, a s w e l l  as an e x p r e s s i o n  

describing the connection of the total specific enthalpy to the temperature in the flow 

tt2 ( 
ho=m1H s + ~ + .  ~ m~Qj(T) dT. 

o ]  

Moreover, it is assumed that the reacting gas mixture is subject to the equation of state 
for a perfect gas while the pressure in the stream is everywhere constant and equal to atmos- 
pheric pressure. 

Certain equations of the system (2)-(10) have source terms needed in additional modelling. 
The source in the energy equation (4) consists of two parts, a completely defined term des- 
cribing kinetic heating, and the term QRAD describing heat elimination from the flame due to 
intrinsic flame radiation. The approximation of an optically thin layer, that is valid for 
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a diffusion flame because of the small combustion zone thickness [i], is used to represent 
this last term. It is also assumed that radiation from the flame into the surrounding medium 
is determined by radiation of the triatomic gases H20 and CO 2 that are present in the combus- 
tion products in quantities close to their equilibrium concentrations. Then the quantity 
QRAD can be determined from the formula [5] where r@ are the molar fractions 

' 1 

QRAD 5,67 ~ [407,41exp(--1,51.10-3T)r~o-+- 79,72exp(--1,4.10-3T)r~2o]. 

Modeling of the source Rf describing the rate f fuel disappearance because of chemical 
combustion reactions in Eq. (6) for the fuel concentration is realized by combining the 
Arrhenius mode of writing the generalized combustion reaction rate with the Spalding hypo- 
thesis about the mean reaction rate in a turbulent flow. This hypothesis, based on the 
model of turbulent vortex breakdown, admits that the reaction rate cannot be greater than the 
expression CRgz/2p(e/k) [6], consequently the term Rf finally appears as 

R1= min tlOlOp2m,mo~eXp (, 18400T ) ;  CRgl/2P~} " (12)  

I n  i n d u s t r i a l  power  p l a n t s  t h e  g a s  f u e l  p r o c e e d s  t o  t h e  b u r n e r  a t  t h e  t e m p e r a t u r e  o f  t h e  
s u r r o u n d i n g  medium and t r a v e r s e s  a c e r t a i n  p a t h  t o  i g n i t i o n  i n  t h e  f u r n a c e .  R e v e r s e  com- 
b u s t i o n  p r o d u c t  c u r r e n t s  t h a t  can  a p p r o a c h  t h e  v e r y  r o o t  o f  a g a s - a i r  j e t  e f f l u x i n g  f r o m  t h e  
b u r n e r  a r e  a s o u r c e  o f  f u e l  m i x t u r e  h e a t i n g  p r i o r  t o  i g n i t i o n  i n  t h e  m a j o r i t y  o f  c a s e s .  The 
p a r a b o l i c  f o r m u l a t i o n  o f  t h e  p r o b l e m  does  n o t  a f f o r d  a p o s s i b i l i t y  o f  t a k i n g  s t r i c t  a c c o u n t  o f  
s u c h  r e t u r n  f l o w s ,  c o n s e q u e n t l y ,  b a l a n c e  r e l a t i o n s h i p s  o f  t h e  m a s s ,  momentum, and e n e r g y  and  
t h e  a s s u m p t i o n  a b o u t  i d e a l  and  i n s t a n t a n e o u s  m i x i n g  o f  t h e  r e v e r s e  c u r r e n t s  o f  t h e  c o m b u s t i o n  
p r o d u c t s  upon c o n t a c t  w i t h  t h e  e x t e r n a l  a i r  s t r e a m  o f  t h e  g a s - a i r j e t  a r e  u s e d  t o  t a k e  a c c o u n t  
o f  i g n i t i o n  i n  t h e  p a p e r .  H a v i n g  been  g i v e n  t h e  r e v e r s e  c u r r e n t  p a r a m e t e r s  o b t a i n e d  f r o m  
t e s t s  and t h e  d i s c h a r g e  d i s t r i b u t i o n  f u n c t i o n s  i n  t h e  who le  r e t u r n  f l o w  e n e r g y ,  t h e  i n f l u e n c e  
o f  t h e  r e v e r s e  c u r r e n t s  o f  t h e  c o m b u s t i o n  p r o d u c t s  on t h e  h e a t i n g  o f  t h e  j e t  i n i t i a l  s e c t i o n ,  
on i t s  c o n c e n t r a t i o n  d i l u t i o n ,  and  on t h e  momentum c h a n g e  i n  any  t r a n s v e r s e  s e c t i o n  o f  t h e  
j e t .  A f t e r  c o n v e r s i o n  o f  t h e  e x t e r n a l  a i r  f l o w  p a r a m e t e r s  t h e s e  new q u a n t i t i e s  a r e  g i v e n  a s  
b o u n d a r y  c o n d i t i o n s  f o r  t h e  m i x i n g  l a y e r ,  t h e  i n f l u e n c e  o f  t h e  r e v e r s e  c u r r e n t s  i s  t h e r e b y  
t r a n s m i t t e d  o v e r  t h e  who le  j e t  s e c t i o n  down t o  i t s  a x i s .  

The b o u n d a r y  c o n d i t i o , s  f o r  a l l  t h e  e q u a t i o n s  o f  t h e  s y s t e m  ( 2 ) - ( 1 0 )  a r e  s i m i l a r .  The 
c o n d i t i o n  t h a t  t h e  d e r i v a t i v e  o f  t h e  d e s i r e d  v a r i a b l e  w i t h  r e s p e c t  t o  t h e  r a d i u s  i s  z e r o  
8 ~ / 8 r  = 0 i s  g i v e n  on t h e  a x i s  o f  symmet ry .  The f l o w  p a r a m e t e r s  on t h e  o u t e r  j e t  b o u n d a r y  
a r e  assumed e q u a l  t o  known a n a l o g o u s  p a r a m e t e r s  i n  t h e  u n p e r t u r b e d  e x t e r n a l  a i r  s t r e a m .  The 
b o u n d a r y  c o n d i t i o n s  a r e  g i v e n  a n a l o g o u s l y  on t h e  i n n e r  f r e e  b o u n d a r y  o f  t h e  p o t e n t i a l  j e t  
c o r e .  M o r e o v e r ,  i n i t i a l  f l o w  p a r a m e t e r  d i s t r i b u t i o n s  a r e  g i v e n  f o r  x = 0. 

The o b t a i n e d  s y s t e m  o f  p a r a b o l i c  e q u a t i o n s  i n  a c y l i n d r i c a l  c o o r d i n a t e  s y s t e m  i s  s o l v e d  
by t h e  n u m e r i c a l  P a t a n k a r - S p a l d i n g  method  by  u s i n g  t h e  GENMIX p r o g r a m  [ 7 ] .  A d i f f e r e n c e  
mesh w i t h  40 nodes  i n  t h e  t r a n s v e r s e  s e c t i o n  i s  u s e d  f o r  t h e  n u m e r i c a l  i n t e g r a t i o n .  The 
mesh s p a c i n g  and t h e  i n t e g r a t i o n  s p a c i n g  a r e  s u b s t a n t i a l l y  n o n u n i f o r m  d u r i n g  p a s s a g e  f r o m  
section to section. 

Equation (10) drops out of the total scheme of the solution. The singularity of this 
equation is that the kinetic source term induces strong rigor, consequently, it is solved in 
two stages by the method of splitting. The rigorous ordinary differential equation 

drNo WNO 
dx u 

i s  i n i t i a l l y  s o l v e d  a l o n g  a t r a j e c t o r y  by  t h e  Gea r  n u m e r i c a l  me thod  [8]  w i t h  a u t o m a t i c  s t e p  
s e l e c t i o n ,  and t h e n  (10)  w i t h  a z e r o  s o u r c e  t e r m  i s  s o l v e d  on t h e  same mesh ,  a s  a r e  t h e  o t h e r  
c o n s e r v a t i o n  e q u a t i o n s .  

A f e a t u r e  o f  t h e  method  f o r  s o l v i n g  t h e  s y s t e m  o f  e q u a t i o n s  i s  a l s o  t h e  d o u b l e  s o l u t i o n  
o f  t h e  s y s t e m  i n  e a c h  s e c t i o n .  I n i t i a l l y  t h e  s h i f t  i s  computed  w i t h o u t  t a k i n g  a c c o u n t  o f  t h e  
c o m b u s t i o n  c h e m i c a l  r e a c t i o n s  whe reupon  t h e  r e l a t i o n s h i p  o f  t h e  o x i d i z e r  and f u e l  i s  d e t e r -  
mined  a t  e a c h  p o i n t  o f  t h e  t r a n s v e r s e  s e c t i o n .  Then o n l y  t h e  c o e f f i c i e n t  o f  e x c e s s  o x i d i z e r  
a j u s t  d e t e r m i n e d  i s  u s e d  i n  t h e  d u p l i c a t e  c o m p u t a t i o n  o f  t h e  t o t a l  s y s t e m  o f  e q u a t i o n s  f o r  
t h e  r e p r e s e n t a t i o n  o f  n i t r o g e n  o x i d e  f o r m a t i o n .  
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Fig. i. Transverse averaged temperature and 
temperature fluctuation profiles for a 
methane diffusion flame, Re = 15,000, d = 
7.74 mm: a) x/d = 36.2; b) x/d = 113.7; i) 
experimental data [9]; 2) mod_el A; 3) model 
B; 4) model C; 5) model D. T, K; (T'2)I/2, 
~ r, n~n. 

RESULTS OF THE COMPUTATIONS 

Verification of the computation model is ordinarily performed by comparison with experi- 
mental data or with computations of other authors. Taking this circumstance into account, 
the paper [9] was selected in which there is a detailed experimental investigation of the 
combustion of a subsonic submerged jet of methane in air. Four different combustion models 
wre also tested during execution of the computations. Let us present a brief description of 
these models. 

Combustion Model A. It is assumed that the combustion reactions pass at an infinite rate 
while the turbulent temperature and concentration fluctuations can be neglected. In this case 
there are no equations (6), (9), and (i0) in the reduced system. 

Combustion Model B. It agrees with the combustion mode used in the GENMIX program [7]. 
Neglecting the composition and temperature fluctuations is allowed here but the finite combus- 
tion reaction rate expressed by using the Spalding hypothesis about turbulent vortex break- 
down is taken into account. Equation (9) is here eliminated from the system. 

Combustion Model C. It is assumed that the chemical reaction rate is infinite but turbu- 
lent composition and temperature fluctuations exist in the stream. Then the parameter G des- 
cribing concentration fluctuation generation in (9) depends on f according to (ii) and equa- 
tions (6) and (i0) are eliminated from the system. 

Combustion Model D. The complete system of differential equations (2)-(10) is solved with 
a finite combustion chemical reaction rate (12) and turbulent fluctuations taken into account. 
The parameter G in (9) is here evaluated in terms of mf in conformity with (ii). 

Results of a computation as compared with experimental data are represented in Fig. i. 
It follows from the graphs presented that just the most idealized combustion model A does 
not satisfactorily describe the real process. The model D can be extracted from the rest. 
It describes both the mean and the fluctuation characteristics of a flow with combustion most 
adequately, it is here most complex in formulation and therefore takes account of a greater 
quantity of factors of the real combustion process. 

Several experiments on the combustion of gas jets described in the literature were still 
relied upon for more detailed testing of the proposed model. Tests on measuring the parameters 
of a burning gas jet, represented in [i0], are analogous to those examined above from [9], 
~ut differ by the initial jet parameters and dimensions. Results of experiments [i0] together 
with computed curves obtained by using the combustion models B and D are shown in Fig. 2. As 
is seen from the graphs, the correspondence between computation and experiment is good. 

It was remarked in an analysis of the mathematical model producted that it can be applied 
to describe not only diffusion combustion of pure gas jets in air but also pre-mixed gas jet 
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Fig.  2. A x i a l  averaged temperature d i s t r i -  
bu t i ons  over the j e t  l e n g t h  f o r  a methane 
d i f f u s i o n  f lame f o r  d i f f e r e n t  f l ow  modes 
in comparison with experimental measure- 
ments [10], d = 5 nml: a) Re = 2920; b) 
Re = 11,700; i) combustion model B; 2) 
combustion model D. T, K. 
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Fig. 3. Transverse temperature, turbulence kinetic energy, 
and longitudinal velocity profiles for a floating jet turbu- 
lent flame of premixed methane and air, d = 3 mm, a) x = 
0.03 m; b) x = 0.05 m; points are experiment [ii]; I) a 
computation with 33 combustion reaction kinetics [ii]; 2) 
a computation Using the diffusion combustion model B. T, K; 
k, m=/sec2; U, m/sec, r, m. 

combustion with air emerging in a submerged air medium. To verify this deduction, results of 
Sommer [ii] experiments on combustion of a floating jet of premixed methane and air with an 
excess fuel coefficient i/= = 1.6 in air was utilized. 

The computational-experimental paper [ll] is of considerable interest primarily because 
the author did not limit himself to measuring the fundamental stream parameters therein but 
performed a numerical computation of jet combustion by using a detailed kinetic mechanism of 
33 elementary gas combustion reactions. As follows from Fig. 3, the proposed diffusion flame 
model B describes the experiment well and in practice as on no account a significantly more 
complex and tedious computation of the combustion process with complete chemical kinetics. 

The careful verification performed for the combustion model produced for a gas jet showed 
its applicability and reliability in describing the combustion of turbulent diffusion flames 
as well as confirmed the well-foundedness of modelling the combustion process by a single- 
stage generalized chemical reaction. 

The proposed methematical model for gas jet combustion was applied to the investigation of 
a burning methane jet under almost real conditions in steam boiler furnaces. The initial 
jet radius was selected from requirement of correspondence between the temperature profiles 
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Change in the averaged temperature T, K and 
nitrogen oxide concentration CNO, g/m 3 profiles, de- 
pendence of the mean nitrogen oxide concentration over 

av g/m 3 along the jet length, and also fuel a section CNO, 

burn-up curve Z; F is the jet boundary; computation us- 
ing the model D. x, m. 

in the computational modification and in the real gas burner. The initial gas and air tempe- 
ratures were 273 and 600 K, respectively, and the initial velocities were 120 and 40 m/sec. 
The computation was performed with gas jet heating by reverse currents of the combustion 
products taken into account. 

The results of computing the flow modification under investigation with nitrogen oxide 
formation taken into account are presented in Fig. 4, which illustrates well the mutual loca- 
tion and dynamics of the shift of the maximums of the transverse NO concentration and tempe- 
rature profiles. It follows from Fig. 4 that the nitrogen oxide temperature and concentration 
maximums do not agree and that the nitrogen oxide formation zone determined not only by the 
temperature level but also in conformity with the excess air coefficient at a given point of 
the section has quite limited dimensions as compared with the width of the jet. The quite 
definite maximum NO concentration in this zone is gradually smoothed out because of the 
diffusion transfer of concentration over the whole jet width and displacement of the location 
of this zone over the section. As the fuel in the jet burns up the nitrogen oxides tempera- 
ture maximum and the concentration maximum after it are displaced in the jet axis direction 
and the absolute values of the temperature and concentration maximum start to diminish for a 
large fraction of the burn-up. Computation of the mean nitrogen oxides concentration over 
the section (Fig. 4) results in valuesclose to the measured nitrogen oxide concentration 
levels in furnace chambers of oil-gas steam boilers. 

Therefore, the mathematical model produced for a gas flame permits otaining a sufficiently 
true pattern of combustion in a turbulent diffusion flame. Even under serious kinetic simpli- 
fications associated with the introduction of a single-stage combustion reaction, the nitrogen 
oxide temperature and concentration levels computed by using this model are close to the real 
corresponding parameters measured in steam boiler furnaces. The model produced can be used in 
investigations of gas combustion processes with combustion product recirculation, in studies 
of modal parametrs influencing the nitrogen oxide emission as well as in an appropriate 
finishing up for investigations of the influence of water injection in the combustion zone 
on the nitrogen oxide output. 

NOTATION 

x, r, longitudinal and transverse coordinates; u, v, longitudinal and transverse stream 
velocity components; p, gas mixture density; h0, total specific enthalpy; m, mass concentra- 
tion; k, e, turbulence kinetic energy and rate of its dissipation; ~ef = ~s + ~t, effective, 

laminar, and turbulent viscosity; T, temperature, K; f = (Y -- Yo)/(YI -- Yo) a conservative 

scalar quantity; Y = mf -mox/S , Schwab-Zel'dovich variable; s, stoichiometric relationship 
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between the fuel components; g, averaged square of the concentration fluctuations; Oh, oj, 
effective Prandtl and Schmidt numbers; C~, Ce~ , C~2 , Cgz, Cg2, o k , a e, Og, standard constants 

of the turbulence model; QRAD, heat flux due to intrinsic radiation of the burning gas; Rf, 
rate of fuel burn-up in chemical combustion reactions; WNO, rate of nitrogen oxide formation; 
CR, a constant in the Spalding turbulent vortex breakdown model; Ay, characteristic thickness 
of the mixing layer; Umax, Umin, maximal and minimal values of the longitudinal velocity in 
a given jet section; 8, a random variable; P*(8), ~, a2, probability density functions of a 
normal distribution and the first and second moments of this distribution; rN2, r02, ..., 
molar-volume component concentrations moles/cm3; BNO, No molecular weight; Hf, calorific 
power of the fuel; Cpj(T), specific isobaric specific heat of the j-th mixture component; 
6, Kronecker delta. Subscripts: f, fuel; ox, oxidizer; o.c., jet axis; i and 0 refer, res- 
pectively, to the fuel flux and oxidizer flux; upper bar is for average with respect to time, 
and prime is for fluctuating quantity. 
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